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Abstract
The trilinear terms of the form
√
2fǫijkρiχjφk in the scalar potential
of a 3-3-1 gauge model are considered. When looking for the eigenbasis of
the massive physical Higgs bosons that survive the spontaneous symmetry
breakdown of the model - in light of the observed SM-like Higgs boson
with mass mh ≃ 125 GeV reported in 2012 at the LHC - one gets a strong
constraint to the cubic term. It has to be smaller than usual f ≪ w, in
flagrant contradiction with the large one f ≃ w which is propagated in
the literature to date.
1 Introduction
In this letter we argue that the coupling of the trilinear terms of the form√
2fǫijkρiχjφk included in the scalar potential of 3-3-1 gauge models cannot
range f ≃ w (as it has long been considered in the literature, to our best
knowledge). Here, by w we mean the highest VEV in the model - the one re-
sponsible for the first step of the symmetry breaking in the electroweak sector
SU(3)L ⊗ U(1)X → SU(2)L ⊗ U(1)Y . The other two VEVs, namely v and u
respectively, achieve the last step of the symmetry breaking to the universal elec-
tromagnetic group SU(2)L⊗U(1)Y → U(1)em. Obviously, v, u≪ w. Moreover,
the f coupling must be much smaller (f ≪ w) in order for the model to sup-
ply plausible phenomenological consequences, at least regarding the low-energy
regime with a special focus on the SM-like Higgs boson [1]. In our discussion
here, a non-canonical approach [2] to gauge models with high symmetries is
worked out in the particular case of 3-3-1 models. This approach - utterly
equivalent with the main one exploited in the literature, as shown in Ref. [3] -
leads to an appealing outcome. The exact couplings (charges) for the electric
and neutral currents of all the fermion fields are exactly computed [4] and a
one-parameter mass scale can be inferred for the mass spectrum [3, 4]. Once
these results obtained, a rich phenomenology can be systematically investigated
and thus certain restrictions on the parameters can be inferred.
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However, the statement regarding the trilinear term in the potential remains
valid regardless the approach involved in treating the gauge model, as we will
conclude in the subsequent sections.
The letter is organized as follows. Section 2 is devoted to a brief review of
the general method used in treating gauge models with high symmetries and its
results for the 3-3-1 models under consideration here. Section 3 deals with the
scalar sector of the 3-3-1 model and the resulting Higgs mass spectrum. In the
final section are stated the conclusions of our work.
2 Brief review of the method
2.1 Why 3-3-1 gauge models?
In spite of its great success with respect to the particle physics, the theory of
the Standard Model (SM) lacks in explanations for several important issues.
In this connection, one can list some embarrassing questions still awaiting their
appropriate answers: (i) why there are precisely three fermion families in nature?
(ii) how does it come that the masses of leptons are ranging apparently so
widely? (iii) what provides us with the observed pattern of the quark mass
spectrum and mixings? (iv) what is the mechanism responsible for generating
the tiny neutrino masses? (v) are these neutral particles of Dirac or Majorana
nature? (vi) why the neutrino mixing pattern differs so sharply from the quark
mixing pattern? (vii) what about the strong-CP issue? (viii) what are the best
candidates for the so called “dark matter”? (ix) what about the flavor changing
neutral currents (FCNC) and the restrictions their suppression imposes? (x)
why are they allowed in the neutrino sector only?
Therefore, some extensions of the SM have emerged in the last decades, by
simply enlarging the gauge group. Such models as SU(3)C ⊗ SU(3)L ⊗ U(1)X
(in short 3-3-1, see Refs. [5] - [11]) or SU(3)C⊗SU(4)L⊗U(1)X (in short 3-4-1,
see Refs. [12]) are intensively studied in the literature. These kind of models
have many advantages and promising features. Among them we can single out
some:
• These SM-extensions can explain the number of fermion families [5, 8],
since a smart interplay among the families (which are not identical replicas
to one another) takes place in order to make the model anomaly-free.
The anomaly cancellation procedure requires the number of families be
multiple of the number of QCD colors, but if one assumes furthermore the
QCD asymptotic freedom condition, this number yields precisely 3!
• These 3-3-1 gauge models do exhibit a natural Peccei-Quinn chiral sym-
metry [6] able to solve the strong-CP puzzle without need to artificially
impose supplementary conditions.
• The charge quantization (somehow enforced in the SM) is achieved in the
most natural manner within the framework of these models [7].
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• They, also unfold a rich Higgs sector [9] to be investigated in detail in order
to single out the SSB agents with the whole gamut of their properties.
• The neutrino phenomenology gets its proper framework [10], as these mod-
els supply the necessary ingredients for various seesaw or radiative mech-
anisms to be employed to generate the appropriate tiny masses for those
eluding neutral particles.
• In addition, when it comes to the peculiar issue of the so called “dark mat-
ter” in the universe, one can find out some plausible candidates [11] among
the rich spectrum of particles this class of models generously exhibits.
We will confine our list of 3-3-1 and 3-4-1 models advantages to the above
presented arguments. Furthermore, let’s properly deal with the procedure of
“solving” such models.
2.2 The Cotăescu method
The general method (conceived by Cotăescu [2]) is a device that lead to a renor-
malizable model resulting - via Euler-Lagrange equations - from a Lagrangian
density (Ld): L = LS+LG+LH +LY (with S - for spinor sector, G - for gauge
sector, H - for Higgs sector, Y - for Yukawa sector) on which a certain gauge
symmetry is imposed. Its novelty consists in a particular Higgs mechanism by
means of which a general gauge group SU(3)C ⊗ SU(n)L ⊗U(1)X undergoes a
spontaneous symmetry breaking (SSB), in a single step, up to SU(3)C⊗U(1)em
in a kind of geometrical manner. This approach assumes the existence of a sin-
gle scalar variable ϕ ∼ (1, 1, 0) that acts as a norm for the n-dimensional vector
space of the scalar multiplets in the model. The method also presumes a set of
different parameters η0, η1, . . ., ηn to be introduced from the very beginning in
the scalar sector in order to finally supply a non-degenerate mass spectrum for
all the vector bosons. However, this way is utterly compatible with the canonical
approach where n Higgs fields supply vacuum expectation values (VEV), once
a proper redefinition of the scalar fields is performed in the Cotăescu method.
This was shown by the author in detail for the 3-3-1 models in Refs.[3, 4] and for
3-4-1 models in Refs. [12]. Hence, the prescriptions for the boson masses pro-
vides us with a one-parameter spectrum to be tuned according to the available
data. At the same time, the electric and the weak charges are straightforwardly
computed, since the new “would be hypercharges” X of the model are estab-
lished and the set of versors νi for the general Weinberg transformation (gWt)
needed to separate the massive neutral bosons are properly chosen.
We briefly review here the main results in the general method [2] in order
to make it clear our results in this particular approach for the 3-3-1 models of
interest. First, we focus on the scalar sector. The general method states that
the scalar sector of any SU(n)L⊗U(1)X electro-weak gauge model must consist
of n complex Higgs multiplets φ1, φ2, ... , φn (each consisting of n complex
entries) satisfying the orthogonal condition
φ†iφj = ϕ
2δij (1)
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in order to eliminate unwanted Goldstone bosons that could survive the SSB.
This comes from an algebraical condition that imposes n2 restrictions to the
2n2 real scalar fields initially considered. Here ϕ ∼ (1, 1, 0) is a gauge-invariant
real field acting as a norm in the scalar space and n is the dimension of the fun-
damental irreducible representation of the gauge group. The parameter matrix
η = (η0, η1, η2.., ηn) with the property Trη
2 = 1 − η20 is a key ingredient of the
method: it is introduced in order to finally obtain a non-degenerate boson mass
spectrum. Obviously, η0, ηi ∈ [0, 1). Then, the Higgs Ld reads:
LH = 1
2
η20∂µϕ∂
µϕ+
1
2
n∑
i=1
η2i (Dµφi)
† (Dµφi)− V (φi) (2)
whereDµφi = ∂µφi−i(gAµ+g′xiA0µ)φi act as covariant derivatives of the model
(g and g′ are the couplings of theSU(n) and U(1) gauge groups). Consequently,
the general expressions for the boson masses, after SSB was achieved, yield in
the case of the charged ones:
M ji =
1
2
g 〈ϕ〉
√
η2i + η
2
j (3)
and
(
M2
)
ij
= 〈ϕ〉2 Tr(BiBj) (4)
for the neutral ones respectively. The general method supplies also the concrete
expressions for Bs:
Bi = g
[
Di + νi (Dν)
1− cos θ
cos θ
]
η (5)
where Dis are the Hermitian diagonal generators of the Cartan sub-algebra
of the gauge group. For the case at hand (SU(3)L) they will be respectively
D1 = T3 = (1/2)Diag(1,−1, 0) and D2 = T8 = (1/2
√
3)Diag(1, 1,−2), while for
the “would be hypercharge” U(1)X group we consider D0 = (1/2)Diag(1, 1, 1).
The angle θ is the Weinberg-like angle (depending on the SM Weinberg angle:
θ = f(θW )). It represents here the rotation in the parameter space around the
versor ν⊥ orthogonal to the electromagnetic direction (see for details Ref.[2]).
The gWt reads

A0µ = A
em
µ cos θ − νiωi··jZjµ sin θ
Akµ = ν
kAemµ sin θ +
[
δki − νkνi (1− cos θ)
]
ωi··jZ
j
µ
(6)
with ω ∈ SO(n− 1) the transformation that brings all the fields (except for the
electromagnetic one which, of course, remains massless m(Aemµ ) ≡ 0) in their
mass basis.
The versors obey the natural relation νiν
i = 1. Their particular choice is a
matter of discriminating among concrete models. The general method allows for
only two plausible 3-3-1 models: (i) ν0 = 0, ν1 = 1, ν2 = 0 which leads precisely
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to the “minimal model” (Pisano-Pleitez-Frampton) and (ii) ν0 = 0, ν1 = 0,
ν2 = 1 which leads to the so called “right-handed neutrino model” (Hoang Ngoc
Long). One could conceive one more model for ν0 = 1, ν1 = 0, ν2 = 0 , but it
proves itself meaningless since all the fermions in the triplet representation are
then restricted to carry the same electric charge (which is of no physical use).
2.3 Charges
Now one can compute the coupling coefficients [2] of the currents with respect
to the physical bosons (considered in their mass eigenstates basis). They are
simply the electric charges:
Qρ
(
Aemµ
)
= g [(Dρν) sin θ + xρ cos θ] (7)
and the neutral charges
Qρ
(
Ziµ
)
= g [Dρk − νk (Dρν) (1− cos θ)− νkxρ sin θ]ωk··i (8)
for every representation ρ. For the particular 3-3-1 model of interest here (ν0 =
0, ν1 = 0, ν2 = 1) these expressions take the following forms:
Qρ
(
Aemµ
)
= g sin θW
[
T ρ8
sin θ
sin θW
+ xρ
cos θ
sin θW
]
(9)
Qρ
(
Ziµ
)
= g sin θW
[
T ρ3 ω
1·
·i +
(
T ρ8
cos θ
sin θW
− xρ sin θ
sin θW
)
ω2··i
]
(10)
One must keep in mind that xρ =
(
g′
g
)
Xρ with Xρ as the true parameter of
the U(1)X . Obviously, e = g sin θW as we assume that g is identical to the main
coupling of the SM. Expressions (10) are full of information. They will give the
precise charges, once a certain relation between θ and θW is established in each
case (by the mass diagonalization procedure) and a matching among couplings
is inferred g′/g =
√
3 sin θW /
√
3− 4 sin2 θW (see Ref. [4]). The rotation ω has
a significant role to play too (but only for neutral charges), since it does the
job of reaching the physical basis for the massive gauge bosons. With these
preliminaries, we get the fermion content of the 3-3-1 model with no exotic
electric charges at all, as presented in Refs.[8].
In short, to the SM leptons one adds respectively in each generation (e, νe)L,
(µ, νµ)L, (τ, ντ )L a neutral left-handed neutral component NeL, NµL, NτL, and
to the SM quarks (u, d)L, (c, s)L, (t, b)L one has to add two heavier −e/3 quarks
D, S and one +2e/3 massive quark T . Obviously, one of the quark generations
has to transform differently from the other two (let it be the third one to do so),
while all the lepton generations all transform alike, with respect to the gauge
group.
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2.4 Boson mass spectrum
If one examines the boson spectrum, one has to start with the boson matrix in
the adjoint representation of the SU(3)L, which reads:
Aµ =
1
2

 A3µ +A8µ/
√
3
√
2Uµ
√
2Vµ√
2U †µ −A3µ +A8µ/
√
3
√
2Wµ√
2V †µ
√
2W †µ −2A8µ/
√
3

 (11)
A suitable arbitrary parametrization in the Higgs sector is introduced to
obey the trace condition:
η2 = (1− η20)Diag
(
1− a, 1
2
(a+ b),
1
2
(a− b)
)
(12)
It finally (after imposing the SM condition m2(W ) = m2(Z) cos2 θW ) becomes
a one-parameter matrix:
η2 = (1 − η20)Diag
(
1− a, a
2
(1 + tan2 θW ),
a
2
(1− tan2 θW )
)
(13)
The SM-like bosons exhibit in our parametrization the following masses:
m2(W ) = m2a , m2(Z) =
m2a
cos2 θW
(14)
Throughout the proceedings it is convenient to deal with m2 = g2 〈ϕ〉2 (1−
η20)/4 (which is merely a notation) in order to get simpler and clearer estimates.
Assuming that the phenomenology favors a → 0 (small values for the free
parameter, rather than a→ 1) - see for details Ref. [3] where the compatibility
with the canonical approach with splitted VEVs is presented, one gets roughly
the mass spectrum:
m(U) ≃ m(V ) = m(W )√
a
(15)
For Z ′, when considering sin2 θW ∼= 0.223 ([13]), one obtains
m(Z ′) ≃ m(W )√
a
(
2 cos θW√
3− 4 sin2 θW
)
= 1.2
m(W )√
a
(16)
The approach allows now the tuning of the single free parameter a in order
to get a realistic mass spectrum for the bosons involved in the class of 3-3-1
models analyzed above, in dependence of the breaking scale
√
a 〈ϕ〉 = 〈ϕ〉SM
(formula (32) in Ref. [3]). The masses can be summarized in the following table
(where we took m(W ) ∼= 80.4GeV as supplied by Ref. [13])
Mass
〈ϕ〉 = 1TeV
a = 0.06
〈ϕ〉 = 5TeV
a = 0.0024
〈ϕ〉 = 7TeV
a = 0.0012
〈ϕ〉 = 10TeV
a = 0.0006
m(U) 321.8GeV 1.64TeV 2.32TeV 3.28TeV
m(V ) 324.7GeV 1.64TeV 2.32TeV 3.28TeV
m(Z ′) 389.9GeV 1.99TeV 2.82TeV 3.99TeV
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3 Scalar potential
The scalar triplets for the 3-3-1 model under consideration here [8] stand in the
following representations:

ρ0
ρ0
ρ−

 ,


χ0
χ0
χ−

 ∼ (1, 3,−
1
3
) ,


φ+
φ+
φ0

 ∼ (1, 3,
2
3
) (17)
The most general potential allowed by the gauge invariance and the orthog-
onality restriction (eq. 1) can be put in the following form:
V (ρ, χ, φ) = −µ21ρ†ρ− µ22χ†χ− µ23φ†φ+ λ1
(
ρ†ρ
)2
+ λ2
(
χ†χ
)2
+ λ3
(
φ†φ
)2
+λ4
(
ρ†ρ
) (
χ†χ
)
+ λ5
(
ρ†ρ
) (
φ†φ
)
+ λ6
(
χ†χ
) (
φ†φ
)
− (√2fǫijkρiχjφk + h.c.)
(18)
The coupling of the trilinear term in the potential above bears a mass di-
mension and it is assumed in the literature [9] to be f ≃ w (the highest VEV).
We will take a more realistic f ≃ kw and we will look for restrictions (if any)
to be imposed on the coefficient k.
The minimum condition:
∂V
∂ρ
= 0
⌋
〈ρ〉=w ,
∂V
∂χ
= 0
⌋
〈χ〉=v ,
∂V
∂φ
= 0
⌋
〈φ〉=u (19)
Linear terms in the shifted potential reads:
−µ21 + λ1w2 +
λ4
2
v2 +
λ5
2
u2 − f vu
w
= 0
−µ22 + λ2v2 +
λ4
2
w2 +
λ6
2
u2 − f uw
v
= 0 (20)
−µ23 + λ3u2 +
λ5
2
w2 +
λ6
2
v2 − f vw
u
= 0
They lead straightforwardly to the following Higgs mass matrix
M2 =


2λ1w
2 + f vu
w
λ4vw − fu λ5uw − fv
λ4vw − fu 2λ2v2 + f uwv λ6uv − fw
λ5uw − fv λ6uv − fw 2λ3u2 + f vwu

 (21)
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Decoupling the heaviest Higgs - entry 11 in the matrix ( 21) -, one has to
deal with the following restrictions
λ4 ≃ f u
v
w , λ5 ≃ f v
u
w (22)
which provides us with the masses
m2(H) = 2λ1w
2 (23)
for the heaviest Higgs boson, and the matrix
m2 =

 2λ2v2 + λ4w2 λ6uv − λ5 uvw2
λ6uv − λ4 vuw2 2λ3u2 + λ5w2

 (24)
for the SM-like pair of Higgs bosons.
By diagonalizing (24) one is led to the following masses
m21(h) ≃ f
(
u2 + v2
uv
)
w , m22(h) ≃ 0 (25)
The resulting Higgs mass spectrum depends on the overall VEV of the model
in the parametrization supplied by the Cotăescu method, where the splitting is
realized by the unique parameter a in the manner
w =
√
1− a 〈ϕ〉 v =
√
a(1− tan2 θW )
2
〈ϕ〉 u =
√
a√
2 cos θW
〈ϕ〉 (26)
So, finally we get the Higgs spectrum in the following form:
m2(H) = 2λ1(1−a) 〈ϕ〉2 , m21(h) ≃ k
(
2 cos θW√
1− tan2 θW
)
〈ϕ〉2 , m22(h) ≃ 0
(27)
Now one can establish a relation between the two surviving massive Higgses:
m(H) =
λ1(1− a)
k
(√
1− tan2 θW
cos θW
)
m(h) (28)
Numerically, this is
m(H) ≃ λ1(1 − a)
k
0.12TeV (29)
At various breaking scales, this can be inferred from the following table:
Mass
〈ϕ〉 = 1TeV
a = 0.06
〈ϕ〉 = 5TeV
a = 0.0024
〈ϕ〉 = 7TeV
a = 0.0012
〈ϕ〉 = 10TeV
a = 0.0006
m1(h) 125GeV 125GeV 125GeV 125GeV
m2(h) 0 0 0 0
k ·m(H) 0.113TeV 0.119TeV 0.119TeV 0.119TeV
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If, as usual, one assumes λ1 ≃ 1, then the coefficient k cannot be k ∼ 1, but
much lesser than 1 - say of order of magnitude ∼ 10−3, in order to keep the
heavier Higgs somewhere near the TeV threshold. Under these circumstances,
the conclusion is f ≪ w!
4 Conclusions
In this letter we presented a rough analysis of the scalar potential of a 3-3-1
gauge model based on the parametrization supplied by the Cotăescu method.
This approach recovers the all the features supplied by the canonical approach,
but its main result is that the trilinear coupling must be much lesser than w in
order to infer a plausible mass for the Higgs bosons spectrum. Consequently,
we obtain the mass of the heavier Higgs of the model as a magnitude depending
only on the trilinear coupling, once the mass of the SM-like Higgs is firmly
established 125 GeV.
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